Inspired by the recent LHCb measurements and forthcoming great potential on B c meson, we study the exclusive B c → B q P , B q V decays with the perturbative QCD approach, where q = u, 
I. INTRODUCTION
The B c meson is the heaviest ground pseudoscalar meson with explicit both bottom and charm flavour. The yield ratio of B c meson is very small [1] , but it is still possible to obtain enough measurements to explore its property at high energy colliders. The B c meson was observed for the first time via the semileptonic decay B c → J/ψℓν in 1.8 TeV pp collisions using the CDF detector at the Fermilab Tevatron in 1998 [2] . Recently, its mass is accurately determined at the O(10 −4 ) level from the fully reconstructed B c → J/ψπ mode by the CDF and LHCb experimental groups [3, 4] , and its lifetime is also measured at the ∼ 3% level by the LHCb collaboration [5] .
The B c meson, laying below BD threshold, can decay only via the weak interaction. Its decay modes can be divided into three types [6, 7] : (1) the c quark decays while the b quark as a spectator; (2) the b quark decays while the c quark as a spectator; (3) the annihilation channel. The c quark decay modes [the type (1) ] are responsible for about 70% of the width of B c meson [8] . This type of decay process, although very challenging to experiments, has recently been observed in the B c → B s π mode with significance in excess of 5 standard deviations by the LHCb collaboration [9] . The b quark decay modes [the type (2) ] account for about 20% of the width of B c meson [10] . The b → c transition offers a well-reconstructed experimental signature at the Tevatron and LHC, for example, in the decay modes of B + c → J/ψπ + [3, 4, 11] , ψ(2S)π + [12] , J/ψD ( * )+ s [13] , J/ψK + K − π + [14] , J/ψπ + π − π + [15] , J/ψe + ν e [16] and so on. The weak annihilation mode [the type (3) ] is estimated to take 10%
shares of the width of B c meson [10] . The pure weak annihilation decay to two light mesons, B c → u + d, is so highly helicity-suppressed that there is little probability of detecting the charmless and/or bottomless hadronic decays B c → P P , P V , V V [17] , where P and V denote the lightest SU(3) pseudoscalar and vector mesons, respectively; and to date, no corresponding measurements exist.
It is estimated that one could expect O(10 10 ) of B c mesons per year at the LHC [18] .
Along with the running of the LHC, more and more B c decay modes will be observed.
Anticipating the experimental developments, many studies (see Table. I) have been devoted to the bottom conserving and charm changing decay modes B c → BP , BV , including estimates undertaken within various quark models assisted by confining potential [19] [20] [21] [22] [23] , with potential models based on the Bethe-Salpeter equation [7, 24] , with BSW or ISGW models [6, 25] , with QCD sum rules [18] , with heavy quark spin symmetry [26] , with QCD factorization at the leading order [27] , but without perturbative QCD (pQCD) approach.
In this paper, we study the B c → BP , BV decays with the pQCD approach [28] to fill in this gap and provide a ready reference to the existing and forthcoming experiments.
This paper is organized as follows: In Section II, we discuss the theoretical framework, compute the B c → B transition form factors and the amplitudes for B c → BP , BV decays with the pQCD approach. The section III is devoted to the numerical results. Finally, we summarize in Section IV.
II. THEORETICAL FRAMEWORK AND THE DECAY AMPLITUDES A. the effective Hamiltonian
Because of the hierarchy m W ± ≫ m b,c ≫ Λ QCD (where m W ± and m b,c are the mass of the W ± boson and b, c quarks, respectively; Λ QCD is the QCD confinement scale), one typically use the effective field theory to deal with weak decays of the hadron containing heavy quark. Using the operator product expansion, the low energy effective Hamiltonian relevant to nonleptonic B c → BP , BV decays can be written as [29] :
where G F is the Fermi coupling constant; q i denotes the down-type quarks d and s. The
Wilson coefficients C i (µ) summarize the contributions from scales higher than µ, which are calculable and can be evaluated to the scale µ with the renormalization group equation.
Their numerical values at four different scales µ are listed in Table. II. The expressions of the local four-quark operators Q i can be written explicitly as follows:
(i) current-current (tree) operators
(ii) QCD penguin operators
(iii) electroweak penguin operators
where the tree operators of Q a 1,2 describe the weak annihilation topology; α and β are the color indices; The q in penguin operators denotes all the active quarks at scale µ = O(m c ), i.e. q = u, d, s, c; The left-and right-handed currents are defined as (q α q
and Q q is the charge of quark q in the unit of |e|.
B. Hadronic matrix elements
The essential problem obstructing the calculation of decay amplitude is how to properly evaluate the hadronic matrix elements of the local operators. Using the BrodskyLepage approach [30] , the hadronic matrix elements can be written as the convolution of a hard-scattering kernels containing perturbative QCD contributions with the universal wave functions reflecting the nonperturbative dynamics. Currently, there are three popular phenomenological approaches to evaluate the hadronic matrix elements as an expansion in the strong coupling constant α s and in the ratio Λ QCD /m Q , which are entitled to QCD factorization (QCDF) [31] , the soft-collinear effective theory (SCET) [32] , and the pQCD approach [28] . These methods differ from each other in several aspects. For example, only the collinear degrees of freedom are taken into account in QCDF and SCET, while the transverse momenta implemented with the help of the Sudakov formalism in pQCD approach. The other different features of these methods are power counting, the choice of the scale at which the strong interaction effects are calculated, how to deal with the contribution of spectator scattering and weak annihilation, and so on. With the running LHCb and the advent of SuperKEKB physics program, the precision of observables will be greatly improved, and it should be possible to disentangle the underlying dynamics in nonleptonic B decays.
In this paper, we study the B c → BP , BV decays with the pQCD approach. By keeping the parton transverse momentum and employing the Sudakov factors to modify the endpoint behavior, the hadron matrix elements are expressed as the convolution of wave functions and the heavy quark decay subamplitudes, integrated over the longitudinal and transverse momenta. After the Fourier transformation, the typical formula of the hadron matrix elements can be written as:
where φ i is the meson wave functions; b i is the conjugate variable of the transverse moment k i⊥ of valence quark; e −S i (t) is the Sudakov factor; H is the process-dependent heavy quark decay subamplitudes. The kinematic variables and wave functions are given as below.
C. kinematic variables
In the terms of the light cone coordinate, the momenta of the valence quarks and hadrons in the rest frame of the B c meson are defined as:
where the subscript i = 1, 2, 3 refers to B c , B q and the light meson, respectively; k i , k i⊥ ,
x i are the momentum, transverse momentum and longitudinal momentum fraction of light valence quark confined within meson, respectively; ǫ denotes the longitudinal polarization vector of the light vector meson. E i and p are the energy and the momentum of final state, respectively. For the sake of brevity, the Lorentz-invariant variables are defined by
D. wave functions
In order to get the analytic formulas of the decay amplitudes, we use the light-cone wave functions which can be decomposed as [33] :
where N c = 3 is the color number; f i is the decay constant. The explicit expressions of the light-cone distribution amplitudes (φ Bc , φ Bq , φ a,p,t P ,φ V and φ t,s V ) are collected in Appendix. A and B.
E. Form factor
The B c → B q form factors are defined as [34] :
where q = p 1 − p 2 is the momentum transfer. Usually, the longitudinal form factor F 0 (q 2 ) is compulsorily equal to the transverse form factor F 1 (q 2 ) in the largest recoil limit to cancel singularities appearing at the pole q 2 = 0, i.e., F 0 (0) = F 1 (0).
The B c → B transition form factors can be written as the convolution of wave functions and the one-gluon exchange scattering amplitudes using the pQCD approach. There are two types of diagrams contributing to the B c → B transition form factors, which are displayed in Fig.1 . The expression of the form factors are written as
It is well known that the q 2 -dependent behavior of the form factor is required in semileptonic B c decays. To shed light on the momentum dependence, one needs a specific model to parameterize the form factors. Here we adopt the three-parameter form, i.e.
where the pole mass m and curvature parameter δ can be given by fit data of q 2 -dependent form factors.
F. decay amplitudes and branching ratios
There are generally eight diagrams (see Fig.2 ) contributing to the B c → BP , BV decays at the lowest order with the pQCD approach. For example, the amplitude of the B c → B s K decay can be written as:
where V us V * cs and V ub V * cb are the CKM factors; C i are the Wilson coefficients; the parameters a i are defined as:
The M ab , M cd , M ef , M gh denote the contributions of the factorizable emission diagrams
[ Fig.2 (a,b) ], the nonfactorizable emission diagrams [ Fig.2 (c,d) ], the factorizable annihilation diagrams [ Fig.2 (e,f) ], the nonfactorizable annihilation diagrams [ Fig.2 (g,h) ], respectively.
They are defined as
Here the superscripts P and V on M P,V mean that the light final states are the pseudoscalar and vector mesons, respectively; the subscript i on M i,j corresponds to one index of Fig.2 ; the subscript j on M i,j refers to one of three possible Dirac structures, namely j = 1 for
expressions of these building blocks M k i,j of amplitudes are displayed in Appendix.C. Our study show that (1) for the factorizable topologies [ Fig.2 (a,b,e,f) ], the contribution of the color-singlet-current operators (q 1α q 2α ) j (q 3β q 4β ) j is N c times larger than that of the corresponding color-current operators (q 1α q 2β ) j (q 3β q 4α ) j ; (2) for the nonfactorizable topologies As for the mixing of physical states η and η ′ meson, they are usually expressed as a linear combination of states in either SU(3) octet-singlet or quark-flavor mixing scheme. We will adopt the quark-flavor basis description proposed in [35] , i.e.
where η q = (uū + dd)/ √ 2 and η s = ss, respectively; the mixing angle φ = (39.3±1.0)
• [35] .
We assume that the distribution amplitudes of η q and η s are the same as those of π meson, but with different decay constants and chiral parameters [35, 36] ,
The gluonic contributions are not considered in our calculation, because it is shown that (1) the fraction of gluonium contributions to η and η ′ is less than 15% [37] ; (2) the flavorsinglet contributions from the gluonic content of η (′) meson is very small and can be neglected safely [38] . In addition, the contributions from the possible cc compositions of η (′) meson is also not considered here.
In contrast, we assume the vector mesons are ideally mixed, i.e. the ω = (uū + dd)/ √ 2 and φ = ss. In fact, the B c → Bφ decay is forbidden by the kinematic constrain because the B c meson is below the Bφ threshold. So there is a total of seventeen B c → BP , BV decay modes. The decay amplitudes are listed in Appendix. D. The branching ratio in the B c meson rest frame can be written as
where the lifetime of B c meson is τ Bc = 0.453±0.041 ps [1] .
III. NUMERICAL RESULTS AND DISCUSSIONS
The form factor and branching ratio depend on many parameters. To be specific, the parameters used in our calculation are listed in Table. III. If not specified explicitly, we will take their central values as the default input. At the beginning of calculation, we would like to claim that we have no intention to claim a precise prediction, but to provide an order of magnitude estimation in order to test the applicability of the pQCD approach for the B c → BP , BV decays.
Our numerical results on the form factors are given in Table. IV, where There are some comments on the form factors.
(1) The isospin is a good symmetry for the form factor (2) The q 2 dependence of the form factor is displayed in Fig.3 . From Eq. (28), we can see that the interference between Fig.1 (a) and (b) is destructive to
, so the shape line of F 0 (q 2 ) via q 2 should be close to that of F 1 (q 2 ). The shape lines will go up slowly at the beginning part, due to that with the increasing q 2 , the velocity of the B meson become much low which leads to serious overlap between the wave functions of B c and B q mesons.
But the shape lines will go down for large q 2 , because the form factor F 1 (q 2 ) reduces with increasing q 2 [see Eq. (27) ].
(3) The form factors are sensitive to the choice of the shape parameter ω Bq and the scale.
In addition, the uncertainties from the decay constants of f Bc and f Bq are small, about 1% and 2%, respectively. can see that if one choose the virtuality of the internal gluon and quark as the typical scale, the contribution to form factor from α s /π < 0.3 region is less than 40%, that is to say, the hard and soft contributions to the form factor have the same behavior. This is the QCDF's viewpoint of that the form factor is not fully calculable in the hard scattering picture with the perturbation theory and that the form factor should be regarded as a nonperturbative quantity [31] . From Fig.4(b) we can see that by keeping the quark transverse momentum k T , and employing the Sudakov factors to suppress the kinematic configuration when both longitudinal and transverse momentum are soft, the contribution to form factor from α s /π < 0.3 region is about 90% and the percentage of contribution from large α s /π region is small.
Our study also shows that besides retaining the quark transverse momentum k ⊥ to smear the endpoint divergence behavior and using the Sudakov factor to suppress the nonperturbative contribution in large b region [28] , as the discussion in [39] , the choice of the hard scale is one of the important ingredients of the pQCD approach, which deserve much attention. If the scale t is chosen as Eq.(C44), then it shows that most of the contributions come from the α s /π < 0.3 region, implying that the pQCD approach is applicable to the B c → B transition form factors. Of course, there are some controversies, even suspicion, about the suppression mechanism of the Sudakov factor on the nonperturbative contribution, about the choice of the hard scale and so on. The deeper discussion of these problems is needed and should be preformed, but beyond the scope of this paper.
Our numerical results on the branching ratios are given in Table. V, where the explanation of uncertainties is the same as that for form factors in Table. IV. There are some comments on the branching ratios.
(1) From Table. decays will all be about 10%, which is consistent with our estimation within uncertainties and also agrees with the LHCb measurement [9] .
(2) From Table. V, it can be seen that there are hierarchy between the branching ratios for B c → BP and B c → BV decays with the same B q meson in the final state, for example,
which differ from the previous prediction (see Table. I). Two factors had a decisive influence on the above relations. One is kinematic factor. The phase space for B c → BP decay is larger than that for B c → BV decay, besides the orbital angular momentum L BP < L BV . The other is the form factor F to check the practicality of the pQCD approach.
(3) As noticed in [27] , the contributions of both penguin and annihilation to the branching ratios are very small for B c → BP , BV decay, because they are seriously suppressed by the CKM factors.
tree penguin annihilation
There are large destructive interferences between the CKM factor V ud V * cd ∼ −λ associated to decay amplitude A(B c →B u η q ) and V us V * cs ∼ +λ related to decay amplitude A(B c →B u η s ). In addition, the annihilation contribution is proportional to the color-favored tree parameter a 1 . Hence, a significant annihilation contribution appear in the B c → B u η (′) decays.
(4) As noticed in [27] , due to the parameter a 1,2 and the CKM factors, there is hierarchy of amplitudes among branching ratios for the B c → BP , BV decays. mode parameter CKM factor branching ratio
Here, the branching ratios for the B c → B u P , B u V decays are larger than those listed in [27] . There are two reasons. One is that the decay amplitudes for the B c → B u P , B u V decays is proportional to parameter a 2 , and the value of a 2 in the α s /π ≥ 0.15 region is much larger than a 2 (m c ) used in [27] . The other is that the nonfactorizable contributions For the heavy-light B q meson (q = u, d, s), we will adopt the Gaussian type distribution amplitudes proposed in [44] ,
where N is the normalization constant. The shape of the distribution amplitude φ Bq (x, 0) is displayed in Fig. 5 . It is easy to see that the large value of shape parameter ω gives a large momentum fraction to the light spectator quark in B q meson. Because the mass of s quark is heavier than that of u, d quark, it is assumed that the momentum fraction of the spectator quark s in B s meson should be larger than that of the spectator quark u, d in B u,d meson.
In our calculation, we will use ω = 0. 
where α 2 = µω, the reduced mass µ = m b m c /(m b + m c ) and the quantum of energy ω ≈ 0.50±0.05 GeV [45] .
Applying the Fourier transform, one can get the representation of wave function in momentum space
Then adopting the connection [46] between the equal-time prescription in the rest frame and the light-cone dynamics, i.e., assuming that the constituent quarks b and c are on-shell and their light-cone momentum fraction are x b and x c , with x b + x c = 1, one can get the light-cone wave function for B c meson,
The distribution amplitudes of B c meson is
where N is the normalization constant and the normalization condition is dx φ Bc (x) = 1.
In our calculation, x = x c andx = x b = 1 − x, so we have
The shape of the distribution amplitude of B c meson is displayed in Fig. 6 . It is easy to see that the maximum position is near m c /(m b + m c ) and that the small value of parameter ω gives a narrow shape. In our calculation, we will use ω = 0.50±0.05 GeV for B c meson.
Appendix B: distribution amplitudes of light mesons
The twist-2 quark-antiquark distribution amplitudes of light pseudoscalar and longitudinally polarized vector meson are expressed as [33, 47, 48] ,
where C
3/2
n (ξ) is the Gegenbauer polynomial, and ξ = x −x = 2x − 1. The Gegenbauer moments a 0 = 1 and a 0 = 1 due to the normalization condition
The two-particle twist-3 distribution amplitudes of pseudoscalar meson have the expansion in the terms of the Gegenbauer polynomials [33, 47] ,
The expressions of the two-particle twist-3 distribution amplitudes of the longitudinally polarized vector meson are [33, 48] 
In the mesonic distribution amplitudes, the Gegenbauer polynomials are
Appendix C: formula of decay amplitude
The decay amplitudes can be expressed in terms of the following building block:
The function H i are defined as
The exponent of the Sudakov factor e −S is given by
where the function s(x, b, Q) are defined in Appendix of Ref. [49] . γ q = −α s /π is the quark anomalous dimension.
The hard scale t i is chosen as the maximum of the virtuality of the internal quark and gluon, including 1/b (where b is the transverse separation) i.e.,
where α e and α a are the virtuality of the internal gluon of emission and annihilation diagrams, respectively. The subscript on β i , the virtuality of the internal quark, corresponds to one index of Fig.1 . Their expressions are
Appendix D: decay amplitudes 
